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ZEROS OF ENTIRE FUNCTIONS IN SEVERAL

COMPLEX VARIABLES

BY

RICHARD A. KRAMERf1)

ABSTRACT. A geometric condition on the zero set of an entire function

f in C (¿V >_ 1 ) is presented which is both necessary and sufficient for / to

have the same zeros as some polynomial in  C   .

i

1.1.  Introduction.  Let / be an entire function in  C     (N > l).   It is natural

to seek a geometric criterion for the zero set,  Z(f),  of / that is both necessary

and sufficient for the existence of a polynomial  P such that both f/P and  P/f

ate zero free entire functions.   We will say, in this case, that / and   P have the

same zeros.   Such a criterion was originated by Walter Rudin;   see  [2].   In  §2,

we will use methods similar to those he employed to show that / has the zeros

of a polynomial if and only if the intersection of Z(f) with

Ar=izeCN:r1|*1| = ... = rN|2/v||

is compact for some choice of positive constants  r.,  i = I, ■ • ■ , N.   This result

will be extended in  §3.

The following notation will be used throughout.   T     will denote the

Cartesian product of N copies of the unit circle   T,  and  rT will designate the

circle of radius  r > 0 with center at the origin.   The multi-index  / = (;', • • -, /.,),

where jx, ■ ■ ■ , jN  are integers, will be used with  |/| = /', + • • • + /«,  and

w' = w'y1   ■ ■ ■ w^    for w e C   .   If / is an entire function in  CN  and  a £ CK,

K < N,  then fa is the entire function defined on  C by

fa^w> = fiwi> aiwy •• •> aK"V w2,-.-, wN_K).

Ju. will designate differentiation with respect to the   z'th coordinate.

A wedge   W  in  C     (N >_ 1)   is any subset of the form

W = \z£CN\ r.\zy\ <\z.\ <s.\zy\,   i = 2,..., N,   K< \zy\\
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where r.< s.,  z = 2, • ■ ■ , N,  and  K < «>.   When N = 1, a wedge is the complement,

in   C,   of an open disc with center at the origin.

1.2. Proposition.   Let Q   be an annular neighborhood of T  in C,   and consider

P(w,a)=      22     hka)wj,      w £ CN (N > l), a £ Q,
0«[7î«n

where the coefficients h. are holomorphic in Q.    Then there is a circle rT C Q

and a wedge W C CN  such that    Z(P) Cx (W x rT) = 0 .

Proof.   The zeros of a   monic polynomial in one variable are bounded in

modulus by the sum of the absolute values of the coefficients.   When  N = 1,

therefore, the zeros of P( • , a) are uniformly bounded in modulus for all

a £ rT C Q  provided that the leading coefficient has no zeros on that circle; since

the coefficients are holomorphic in Q,  there are many such circles.

For N > 2, write  P in the form

777

P/3(A,a)= 22 H.(ß,a)y,       a e Q, ß£CN~\ A £ C1,
7=0

where  77    £ 0.   Assume that there is a wedge  W' C C   "    and a circle  rT C Q

such that Z(T7   ) n (W1  x rT) = 0.   Choose positive constants  r < s such that

E = jj3 £ W' : s <  |/3j| .< rS  is a nonempty compact subset of CN~l.   Then, as

before, the zeros of P Â ■ , a) ate uniformly bounded for all a £ rT and ß £ E;

for the wedge   W = i(A, ßX) £ CN: ß £ E,   K<  \X\], with   K suitably large, we

have, therefore, Z(P) Cx (W x rT) = 0.

1.3. Remark.  Let W be a wedge in CN  (N > 2).   There is a nonsingular

linear transformation ©  and a positive constant A  such that the complement of

0(W) is contained in the subset of C     defined by \wA < A(l + \wA + ■ ■ ■ +\wN\).

Proof.  It is sufficient to show this for the symmetric case where  5. = l/r.

and 0< r. < 1,  z = 2, • ■• , N.
7 ' ' '

Put

N 1 "*"     N'

then
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W2 = Z2 ~ Zl»

defines a nonsingular linear transformation 0.

If   \zx\ <r.\z.\, i=2, ...,7V, then   \w ^\ = \z x\ < r.\z .\ <r.(\w ^ + \u>.\);

therefore,   \wx\ < (r./(l - r.))|zz7.|.   And if   \z.\ < r.\zx\, z = 2, • • • , 7V, then

Kl < l2zl + \wi\ <ri\zy\ + \wi\ =ri\wy\ + Kl>  therefore   \w^ < (1/(1 -r.))\w.\.

Thus there exists a positive constant  A  such that the complement of  &(W) is

contained in the region defined by   \wx\ < A(l + \w2\ + ■ ■ ■ + \w^\).

1.4. Remark. Let H be a compact, connected, locally connected subset of

C (TV >^ l), and assume that / zá 0 is holomorphic in a neighborhood of C x 77.

Ihen

(a) the zeros of /( -, a) are bounded in modulus uniformly for a £ 77 if and

only if /( ■ , a) has the same number of zeros for each  a e 77.

(b) Assuming  77 has at least two distinct points, let  E = \a e 77: /( • , a) =

0},  and suppose there is a constant  M < oo such that the set,  S,  of all points

a £ H — E fot which the zeros of /( • , a) are not bounded in modulus by M is

countable, then S is empty.

Proof, (a) If /(A, a) / 0 for all |A| > r and all a e 77, then the number of

zeros of /( • , a) is given by

^■srW"^*   a£H'

which is continuous, integer valued, and, therefore, constant on the-connected

set 77.

Conversely assume /( • , a) has  777  zeros, counted according to multiplicities,

for each  a € 77.   For each  r > 0 and each  a £ 77,  define

Nr(a)=^T Jl^-ÎTTZr^

provided that /Of, a) / 0 for all t; £ rT.   Then TV (a.) is the number of zeros of

/( • , a) with modulus less than r.   For fixed r, N { ■ ) is continuous in some

neighborhood of a.   For each  a e 77,  choose  r   > 0  such that  TV    ( ■ ) = w on

some neighborhood G    of a.   Since 77 is compact, finitely many of these

neighborhoods, 0     , ■ • • , 0     ,  cover it; and, therefore, the zeros of /( • , a)

are bounded uniformly in modulus by  r = maxir     , • • • , r     t for all a £ H,
"T an
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(b)   Let  a   e H - E  and suppose fa¡   has no zeros on the circle  rT.   Let

D  be any neighborhood of  w'   such that, for each  a e (H - E) C] D,  f( ■ , a) has

no zeros on rT and  (H - E) O D  is connected.   The number of zeros of /(• , a)

with modulus less than  r is given by

.      r 9) f(\,a)
N(a)=—  J _---¿A,       ae(H-E)DD.

2m  ■'Uhr   /(A, a)

Since  (H - E) n D  is connected and /V is continuous, /( • , a) has the same

number of zeros with modulus less than  r for each  a e (H - E) C\ D.   It follows,

because  H - ÍS U E) is dense in  H - E, that  a'   f/5.   This concludes the proof.

2.1. Theorem.   // / is an entire function in C     (N >_ l), tzo/. identically

zero, then f = P ■ exp ¿,   where  P  is a polynomial and h  is entire, if and only if

the intersection of Zif) with some A    is compact.

The necessity portion of this theorem is an immediate consequence of

Proposition 1.2.   Several lemmas precede the proof of sufficiency.   The first is

essentially a proof that Walter Rudin gave in  [2].   The next two lemmas deal with

the two variable case and the last two are the induction step.   Lemma 2.6 will be

used again in  §3; for this reason it   and the other lemmas appear in a more

general form than is required to prove the sufficiency statement.   Several

corollaries of Theorem 2.1 appear at the end of this section.

A subset  H of  C     ÍN >_ l) will be called a local determining set when it

has the property: for each  a e H and each polydisc  D  centered at  a,  H O D  is

a determining set for the holomorphic functions on D; that is, if / is holomorphic

on D  and identically zero on  H n D,  then in fact / is identically zero on all of

D.   It is easy to see that the finite Cartesian product of local determining sets is

again a local determining set.

2.2. Lemma.  Assume f is holomorphic in a neighborhood of C     x H ÍN > 2),

where H  is a compact, connected subset of C      (K >  l),  which is a determining

set for the holomorphic functions on each of its connected neighborhoods.   If

there is a wedge  W  in  CN  such that Z(f)r\ (W x H) = 0,  then there is a neigh-

borhood, Ö,   of H  in C     and

\(z, a) =     £     bj(a) z>,       (z, a) eCN x G,

where each of the coefficients  h.  is holomorphic in 0  and such that, for each

a e H,  the polynomial A( • , a) and the entire function /( ■ , a) have the same

zeros in C   ;  that is, both f( • , a)/A( • , a) and A( • , a)//( . , a) are zero free

entire functions.
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Proof.  Remark 1.3 shows that there is a nonsingular linear transformation

«J      =     8yit),

z2 = 62(t),

®:{ . t = (ty,...,tN)£CN,

N * 9N{t)<

and a positive constant A   such that, if we put g(t, a) = fid.it), • • ■ , d^it), a),

then for each  a £ H,

Zigi.,a))C{t£CN: \tN\ <A(l + |l,|+...+ |tw.1|)l.

Set  t   = it  , • • • , tN_.) and  t = it , tN).   To each r> A  there corresponds

connected neighborhood, G ,  of AY in C     such that g has no zeros on

U £ CN : Ail + \ty\ +■ - ■+ \tN_y\) < \tN\ < r\xGr.

\ = tt.eCN-1:A(l + \ty\+...+ \tN_y\)<r\.

For (t , a) 6 U   x G    and p a nonnegative integer, define  xjj    by

(i) ^«^-¿iiiK-r-^^^-16
where 9)N denotes differentiation with respect to the  Nth coordinate £.   If

r, < 7.,  then, for (t, a) e CU     x G    ) n (Il     x G    ),  the path of integation in
12' ri rj r2 r2

(1) can be moved to any circle with center at the origin and radius between  r,

and  r2  without changing the value of the integral.   Thus the two functions given

by (1) agree on U     x (G     O 0    );  therefore each function iff  ,  p = 0, 1, 2, • • • ,

is well defined and holomorphic on

v^     r        r
r>A

For each  (t, a) e fi, i/V-O, a) is the number of zeros of g(t, ■ , a) with

modulus less than A(l + \t   \ + ■ ■ ■ + \t„    .|);  hence  iff.  is constant on the

connected set Í2 since it is continuous and integer valued there.   Call this

constant  772; then  m  is a nonnegative integer.   If 772 = 0,  then for each  a e AY,

g( • , a) is zero free, and A = 1   satisfies the conclusion of the theorem.

Assume  m > 0.   For  (r, a) e Í2,  let ¿it    a)   ■ ■ • , ¿  it, a) be the zeros of

g(t, - , a),  counted according to multiplicity, whose absolute value is less than



148 R.A   KRAMER [October

A(l + \t A + •■■ + \tN_.\).   When a e 77 these are all of the zeros of the entire

function g(t, • , a).   The residue theorem shows that the integral in (l)  is just

(3)

(2) xfjp(?,a)= 22 CAT, a),       (?,a)ea.
7 = 1

Define

m m

P(T, tN,a) = J] (tN - tff,a)) = r» + 22 UYaßa)^,
7=1 z = l

whenever  (t , a) £ fi and  tN £ C.   Each coefficient a. is the symmetric function

on Ctt " ' f C     taken   i at a time.   Newton's identities say that the symmetric

functions   a   and the power sums  i/r.  are related by

-i(-lYo. _ (/>. + (-l)lxjj._lal +...+ (-l)i-1ifj1ai_1,       l<i<m,

which shows, successively, that the coefficients  a. ate holomorphic in fl.   In

particular, for each  a £ 77,  a(- , a) is an entire function in  C   .   Moreover,

|¿.(?, a)| < A(l + |tj| + ••• + \tN_x\), fot all (t, a) e fi.   Thus, for a e 77,  each

a.( ■ , a) is an entire function in C     with

w) K-(-.a)i<QL/i(i + i/1i+---+iTN.1i)]s

and this implies that each  a.( ■ , a) is actually a polynomial in  C whenever

a £77.

Let Dr = D(0, (l/(/V - l))[r/A - l]) be the open polydisc in CN~l with

center at the origin and radius  (l/(/V - l))[r/A - l]  in each coordinate.   This

polydisc is contained in ll .   On each of the sets  D   x 0 , r > A, a. has a

representation of the form a.(t , a) = SQ< i  i<oo <p¿ .(a)r ',  where the coefficients

(/>.  .  are holomorphic in   Ü    and independent of r.   Thus this representation holds
7.7 r *\j f\j.

on   (J >/4 (Dr x 0r) C fl.   But (4) implies that <>-.(*, a) = 2Q< i .!< .<p. .(a)i;,

whenever  a 6 77.   In particular, the coefficients  <p. . vanish identically on 77

whenever any one of the indices    /  , • • • , ;'   _     is bigger than  i.   Let G  be a

connected neighborhood of 77 with G  contained in some G ,  r > A.   By the

hypothesis,   77  is a determining set for the holomorphic functions on G.   Thus the

coefficients   <p.  ., which vanish identically on  77,  vanish throughout G,  and the

representation ait, a) = S0<i.i<¿rp¿ .(a)t ' is valid in C      * x G.   P, therefore,

has the representation

(5) P(% tN, a) = t% + ¿ (-D¿ (   T2    <¿¿,/^ 'n"¿.
z-=i \o«|7|íi /

for  (í, íM, a) eCN x G,
N'
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In the original coordinates, (5) becomes

Mz, a) =    ]T    b.(d)z>,      (z, a) £ CN x 0,
0«|;|S77

where each coefficient    h. is holomorphic in Ü,  and the polynomial A( • , a)

and the entire function /( • , a) have the same zeros in C     for each a e AY.

2.3.   Lemma.   Le/.  H be a compact, connected subset of C     (K >_ l),  and

assume that f is holomorphic in a neighborhood of {z e C2 : |z.| > M,  i = 1, 2!

x AY, for some constant M < °°.   If Z(f) n (A x AY) = 0, tie« to eac¿ a e AY

corresponds a neighborhood G    o/ a z'72  C     ¿zW a wedge  W    in C2  such that

Z(f) n (W   x (G   n A/)) = 0.  AYere, as well as elsewhere,  A = A,,

Proof.   To each  r > M corresponds  0 < e    such that / has no zero on

Qr x QT x A(   , where

A(   ={w e CK : distance iw, H) < e\    and    Qr = [À e C : r - ef < |A| < r + ef\.

Fot  (z  , a) e Q   xA      and each nonnegative integer p,  define

(1) ^ui'aa-¿Jif|-f^Tar»,fiaíí**

where  2),  denotes differentiation with repect to <f.   If  r. < r.  are such that

(<2     x Ae   ) n (Q     x A(r ) / 0, then for (2,, a) in this intersection, the path

of integration in (1) can be moved to any circle with center at the origin and

radius between r   - e     and r. + e   , without changing the value of the integral,

It follows that the two functions given by (1) agree on the intersection; thus

each  iff    is well defined and holomorphic in 0 = U >M iQ   x A   ).

For each iz  , a) e O, ^q^,, o.) is the number of zeros of fiz  , ■ , a)

whose absolute value is less than   |z.|; hence i//n   is constant on the connected

set  fl,  since it is continuous and integer valued there.   Call this constant 772.

Then   772  is a nonnegative integer.   If m = 0,  then fiz , z     a) ^ 0 whenever

¡2  I < |zj|, M < \zy\, and a e AY.

Assume  772 > 0.   For  iz y, a) e Q,  let Cxizx, a>, • • •» £  iz  , a) denote the

zeros of fiz., ■ , a) whose absolute value is less than   |z.|.   Then the residue

theorem implies that

(2) iffp(zy, a) = £ Cf(zy, a),       (Zy, a) eü.
i=i

Define

777 777

(3) P(Zy, z2, a) = £ (z2 - £.Uj, a)) = z™ + £ (-lYu.(zy, a)z*

2=1 7=1
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for  (z  , a) e fi  and z    e C.   Newton's identities show that each  a. is a

polynomial in the power sums  xfr    and hence holomorphic in fi.   In particular,

since  a. is holomorphic in Q   x A   , there exist coefficients holomorphic in

A      such that

a.(zv a) =   22   4>i  (a)z[>       (zji a) e Q  x A   .

7=-°°

Moreover, since the coefficients  <p.  . are uniquely determined and fi  is the

connected union of the sets  Q   x A       it follows that the representation holds
r er

throughout  fi.

Since   |C-(z,, a)| < |z  |,  we have

.(zva)\<(f)\zl\i,       (z, a) eft;

thus for each  a £ 77,  a.{ ■ , a) has a pole of order at most  z  at infinity.   Hence

(p.   (a) = lim^_>00 A'-la\X, a),  a € 77,  exists as a finite complex number.   This

gives

(4) o\(zj, a) = rp¿ ¿(a)z!j + ct¿(zj, a),       a e 77,

with

(5) \cy.(zl,a)\<c\zl\i-\       a 6 77,

for some constant  c < °° and all sufficiently large   \z  \.

Set

777

Q(\, a) = Xm +22 (-DZV>¿ ¿(o)Am-¿.

7=1

Then substitution of (4) into (3) shows that

P(z., z     a)        /z,     \        m a.{z, a)  /z\m-i

(6) -V-^fl'-"'-?-^21 \    !       /        7=1 zi \    W

for   a e 77.   Since  Q( • , a) ^ 0  and the  <p    .  are continuous, corresponding to

each   a. £ 77,  there are constants  r , r"   such that  0 < r   <r   < 1,  and a neigh-

borhood G      of a.  in C     such that
a0 0

r/= inf |2(A, a)| > 0.
/«Uli/'; acHnOa

If  r   <  \zJzA < r"   and  a £ 77 Cx G      , it follows from (5) and (6) that
2       1 a 0
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P(zy, z2, a)

^-tttZ
c        1

> 7) -- _i_ > n
-V     l*,l   l-r">U

provided   |z   |   is large enough.   In particular,   P(zy, z2, a) ^ 0 under these

conditions.   Since  / and  P have the same zeros in \z e C   : |z2| < |zj|,

M < \z  | ! x AA, this concludes the proof.

2.4. Lemma.  Assume f is holomorphic in a neighborhood of C    x AY,   where

H   is a compact, connected, locally connected, local determining set contained in

CK   (K >_ l).   If Z(f) Cl (A x A/)  is compact, then corresponding to each aQ e AA,

there is a neighborhood U       of an   in C     and
° CXQ      ;       u

Mzy, z2, a)=    £    h        (a)zy z2 ,

h>2 = °

where each of the coefficients  h . is holomorphic in 0„  ,  such that for each

a e H O G    ,   the polynomial A( • , a) and the entire function f( ■ , a) have the

same zeros.

Proof.  Lemma 2.3 implies that there is a neighborhood 0a    of   a.  in  C

and a wedge Wn    in C2  such that Z(/) n [W„   x (H O G„ )] = 0.   But, for G
6 a0 ' a0 a0 aQ

suitably small,  AY O Ga    is a compact, connected subset of  C     which is a

determining set for the holomorphic functions on each of its connected neighbor-

hoods; thus the proof is concluded by applying Lemma 2.2.

2.5. Lemma.  Assume f is holomorphic in a neighborhood of G    x AY  (N > 2),

where  H  is a compact, connected, locally connected, local determining set

contained in C     (AC >  l).   If Z(f) C\ (A x AA)  is compact, then there is a wedge

W   in CN,  symmetric about A,  such that Z(f)n (W x H) = 0.

Proof.   It is sufficient to prove the lemma when  N >_ 3; for if / satisfies the

hypothesis with N = 2,  then g, defined by g(z^, z     z     z ) = f(w, z     z  ), also

satisfies the hypothesis with N = 3; hence if there is a wedge  W in C3,

symmetric about A,  such that Z(g) D (W x AA) = 0,  then setting  W = {z = (z     z  )

e C   : iz y, z2, zA e W\ gives a wedge in  C2,  symmetric about A,  for which

Zif)C\ (WxAY) = 0.

Let  /V >_ 3, and assume there are constants  0 < r. <. 1, -i = 3, • • • , N,  and

M < oc such that /(zj, • • ■ , zN, a) ¡¿ 0 whenever r.\zy\ < \z.\ < (l/r)|ar  |,

z = 3, • • • , N,   |z   | = |z2|,  /M <  |zj   and  a e AY.   We will show that, for a proper

choice of M < oc,  there exists a constant 0 < r2 < 1   such that /(z  , • • • , z      a)

¡¿ 0, whenever r.|zj <  |z;| < (l/r.)|zr|,  i = 2, • • ■ , N, M <  \zy\  and a e AY.   The

importance lies in the fact that  r2  can be chosen less than   1   without changing
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r-,  i = 3, <■• • , TV,  for, when each r. can be chosen so that it is less than 1, this

gives the desired wedge.   Such a choice is possible using successive applications

of the result for ry.   If r,, • • • , r. are each less than 1, then upon interchanging

the second and  / + 1  coordinates, the result shows that, for large enough  M < °°,

r.  ,   can also be chosen less than 1.
7 + 1

Let r¡ = (77., • • • , r¡N   2 ) and set H = H x A    x ■ ■ ■ x AN        where A   =

[A £ C: r.   . <  |A| <_  1/r.   .1,  z = 1, ■ • ■ , TV - 2.  77  is a compact, connected,

locally connected, local determining set because each of the factors in the

Cartesian product is such a set.   Put 7 (fj, ¿2, a, rj) = f(tv t2, rjy , •••, r¡N    t., a).

Then  /   is holomorphic in a neighborhood of  C2 x H,  and Z(/ ) n (A x 7?)  is

compact.   Thus /    and  77  satisfy the hypothesis of Lemma 2.4.   Set £, = (a., 77)

and fix f   = (a , 77 ) £ H.   By Lemma 2.4, there exist a connected neighborhood

6f.    of e   in  CK+N-2  and

Mtv t2, O =   ¿    hh>i(Ot\lt2,     (tv t2, f) e C2 x 0e>,
Zj,z2 = 0

with each hi holomorphic in a neighborhood of 0,' ,  and such that A( ■ , • , rf)

and  /(•,-, £) have the same zeros, for each £ £ 77 O G,' .   Since  77 is locally

connected, we may assume that 77n Q¿i   is connected.   In particular,

A(ij, r2, <f) / 0 whenever   |/j| =   |f2| > M  and  <f e 77 Cx G^/ ; thus by Remark 1.4,

the number of zeros of Ai • , f) is the same for each rf e 7? D G^'   and each

ß £ T.   Writing

777

A^A, O = 22   W, f U*.

where  77m £ 0,  we have  Hj.ß, ¿f) / 0,  for all ß £ T and all f e 77 D G^' .

Therefore there is a constant 0 < r,'  < 1   such that  H     is bounded away from

zero on the compact see A",'  = {ß £ C: r,i  <  |/3| £ 1/tv< i x (77 PI G ,< )•   For

(/3, ¿f) eX~i ,  write

( H       Aß, £) 77n(/3, <f)

and set

c  = max |77(/3, O/Hjß, f)|,       7 . 0, 1.m - I.

Since each  c.  is finite,  Mç>  = 1 + S^g1   c . < ~.   It follows that Ai • , f ) ¿ 0

whenever   |A| > M^/   and  (ß, f) 6 X^# .   Thus  J(ty t2, <f) / 0,  whenever

'g'  < \t2/ti\ 1 lA^r'i  Mf'  < I«! I  and f e Tin 0*< .   Since 77 is compact, for
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sufficiently large  M < <*>,   there exists  0 < r2 < 1   such that Jit y, t2, 0 ¿ 0

whenever r^/J < |f2| < (l/r2)|ij|,   M < |/j|   and £ e AY.   This concludes the proof.

2.6. Lemma.  Assume f is holomorphic in a neighborhood of C    x AY (/V >_ 2),

where  H  is a compact, connected, locally connected, local determining set

contained in CK (K>_ l).    A/ Z(f) D (A x AA) = 0, zèeTZ /¿ere ¿s a neighborhood

Q   of H  in CK  and A(z, a) = SQ < i .\<r¡ h{a)z>,   where each of the coefficients

h ■   is holomorphic in G,  such that for each a e AA,   /¿e polynomial A( • , a)  arzfi?

/¿e entire function f( • , a)  have the same zeros in C   .

Proof.  The proof follows immediately from Lemmas 2.2 and 2.5.

2.7. Proof of the sufficiency portion of Theorem 2.1.  The proof is well

known when  N = 1.   Assume  N >^ 2,  and that A   = A.   Set   fiz, a) = f(z),

z e C   ,   a e C,  and let  AY be the unit circle in  C.   Then Lemma 2.6 implies the

existence of the polynomial  P(z) = A(z, l) = 2n<| .i<    h il)z'  with the same zeros

as  / in C   .   Since  C     is simply connected, there exists an entire function h

such that I = P • exp h.   The result for other A    can now be obtained by a change

of variables.

2.8. Corollary.  Assume that   f is an entire function in C     (zV >^ l).    If the

slice functions f     have the same finite number of zeros for each w e T        ,   then

f has the zeros of a polynomial.

Proof.  This is an immediate consequence of Remark 1.4 and Theorem 21.

2.9. Corollary.  Assume f is an entire function in C     (N >  2).    If

(i)   the slice function /,,,...    ■ >  has the zeros of a polynomial, and

(ii)   Z(f) n (t/T   ) = 0 for some sequence of positive numbers  r. y oo,   then

Zif) O A  is compact, and, therefore,  f has the zeros of a polynomial.

Proof. Set

A/(a) = -Lr,      f^Ldk,       aeTN-1,
ri 2m J\\\=r_. f(X)

fot   2=1, 2, "...   Then Nr.(a)  is the number of zeros of / ( • )  whose modulus is

less than  r..   Furthermore, since  N     is continuous on   TN_I,   it is constant.   Set

Nr. = N   (a),  a e T        .   Since /(1 j ...    t) has the zeros of a polynomial, there

is a constant   M < <x>  such that N    = N     whenever  r., r. > M.   Thus   Z(f) D (rTN)
T j 7 j I J

= 0,   for all r> M.   Therefore  Zif) n A  is compact, and, by Theorem 2.1,  / has

the zeros of a polynomial.

3.

3.1.  Theorem.  Assume f is an entire function in CN (N >_ 2).    Let  L  be the
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union of all complex lines in A  that lie in the zero set of any fixed entire

function (not identically zero) in CN.   If there is a variety  V in  C     of dimension

<  N - 2 such that (Z(/) - (L U V)) Cx A  is relatively compact in C   ,   then f has

the zeros of a polynomial.

In Proposition 3.7 we will show that whenever (Z(/) - (L Ü V*)) CX A  is

relatively compact, (Z(/) - L) Cx A is also relatively compact, and it is shown

in Lemma 3.8 that in this situation / has the zeros of a polynomial.   The presence

of the variety  V in the statement of the theorem will allow us to obtain, in 3-5

and 3-6, two corollaries on the factorization of entire functions.

One might expect that the vanishing of an entire function on a complex line

of A would imply that it had a homogeneous polynomial as one of its prime

factors.   This is the case in  C   ,  but not in  C^,  as the following example will

show.

3.2.   Example.  Consider the polynomial

P(zj, z2, z3) = Azyz^ + 3z,22 + zyzi + 4zx + 3z? + z2,

and write

P(A, 7*jA, z^2A) = {Awyv2 + }>wx + w2)\ [A + (4 + 3z^2 + wy)/(Awyv2 + 3wx + w2)\

whenever  Aw w   + 3i^, + w   / 0.

Both Awyw   + 3w   + w    and 4 + 3^2 + w y vanish at ( - 1, - l) and this is

their only common zero.   Furthermore,

4 + 3w2 + wx

Aw yu 2 + 3w. + w.

A + 3w2 + wx

>-,(A + 3/7*, + l/w.)

whenever  (w     w ) £ T    and unequal to  ( - 1, - l); thus   P vanishes identically

on  i(A, - A, - A): A £ C}, and its zeros have modulus one on every other complex

line of A.   P does not have a homogeneous factor, however, because there are

no other complex lines on which it vanishes identically.

3.3. Remark. Let L be the set of complex lines lying in Z{h) Cx A, where

h is an entire function (not identically zero) in C {N >_ 2); then L is contained

in the zero set of a homogeneous polynomial (not identically zero). If / ¿ 0 is

an entire function in C such that (Z(/) - L) D A is relatively compact, then

the slice functions fa have the same finite number of zeros for each a e TN~l

fot which fa]k 0.

Proof.  If i;=n h{ is the expansion of h  in terms of homogeneous polynomials

with  h   / 0,  then   L C Z(h  ).
n n

When TV = 2,  L  is the union of a finite number of complex lines and hence

Remark 1.4 implies, in this situation, that fa has the same finite number of zeros

for each  a £ T with fa/¡ 0.
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Assume the remark is true in C*   (2 < k < N).   Then for each a e T, fot

which  féO, there is an integer  772a such that each slice function   of fa,  that is

not identically zero, has  77za zeros.   We will show that 772a is independent of  a.

For each ß £ T define gß by setting gßiw) = f(w, ßwA,  w = iwy, ■•• , wN_ y) £

CN_1,  and define no with respect to go in the same way that  ma was defined

for fa.

Fix  a £ T such that f a4 0.   For N > 3  there is a y £ T      3   such that

(f )y é 0.   Except for finitely many ß e T, therefore (ifjy)aé 0 or when N = 3,

ifa)a4 0.   It follows, in either case, that 77za= no fot all but finitely many ß e T;

therefore  772   = ttz  <   if f • ^ 0 and   a'   e T.a a la

5.4. Corollary.  Assume that f Ú 0 is an entire function in C     (N >_ 2),  and

let   L  be the union of all complex lines in A  lying in the zero set of some fixed

entire function (not identically zero).   Then f has the zeros of a homogeneous

polynomial if and only if (Z(f) -L)flA  contains no point other than the origin.

Proof.  Necessity.   If Q  is a homogeneous polynomial of degree  m,  then

Ö   (A) = ¡\mQil, w); thus for all w £ T   ~  , the slice functions Q   ,  which are not

identically zero, can have a zero only at the origin.

Sufficiency.  By Theorem 3.1, / has the zeros of a polynomial ¡2°   Now

writing

772

where each h    is a homogeneous polynomial of degree /' and h    é 0,  we see

that Â. =. 0 for all 0 <_ / < 772 - 1   if Q  is not constant.

3.5. Corollary.   Let f, g  be two entire functions (not identically zero) in

C     (N >_ 2), and let  L  be the union of all complex lines in A  that lie in the zero

set of a fixed entire function inot identically zero).   If (Z(f) - (L (J Z(g))) D A

is relatively compact, then each prime factor of f is either also a prime factor of

g,   or has the zero of a polynomial.    If, in addition,  f and g are relatively prime,

then f has the zeros of a polynomial.

Proof.   Let p be a prime factor of /,  and set  V = Z(p) D Z(g).   Then

Zip) - V = Zip) - Zig) C Zif) - Z(g);   therefore (Zip) - (L U V)) n A  is relatively

compact.   Now, if p is not a prime factor of g,  then dim V <_ N - 2, and, by

Theorem 3.1, p has the zeros of a polynomial.

If / and g  ate relatively prime, then (Z(f) - (L U V)) O A  is relatively

compact, where  V = Z(f) C\ Z(g)  has dimension < N - 2.   Theorem 3-1 implies

that  / has the zeros of a polynomial.
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3.6. Corollary. Assume féO and g é 0 are entire functions in C     (N >_ 2).

If for each w £ TN~l,   the restriction Uw''gu)\\\\>M    is holomorphic whenever

g     é 0, then  P • f = g • h,  where  P  is a polynomial and h  is entire.    If, in

addition, the restriction is zero free for all w £ T for which gw é 0 and

f    é 0, then there is a polynomial Q  and an entire function k such that

P • f=g-Q ■ expk.

Proof.   Entire functions /,  g   can be chosen such that f/g = f/g   and

dim(Z(/) n Z(g)) <^ TV - 2.   Let L be the union of all complex lines contained in

Z(fg) CX A.   The hypothesis implies that (z(g) - (L U V)) Cx A  is relatively

compact, where  V = Z(f ) Cx Z(g) has dimension < TV - 2.   By Theorem 3.1, g

has the zeros of some polynomial  P; hence the factorization  P • f = g • h,   where

h   is entire.

The additional hypothesis implies that (Z(/ ) - (L U V)) n A  is relatively

compact, and again Theorem 3.1 implies that /   has the zeros of some polynomial

Q; hence  P • / = g • Q - exp k where  k is entire.

3.7. Proposition.  Assume f is an entire function in C     (N >_ 2).    Let  L  be

the union of all complex lines in A  that lie in the zero set of any fixed entire

function (not identically zero) in C   .    If there is a variety  V in  C   ,  of

dimension < TV - 2,  and a positive constant M such that (Z(f) -(LU V)) n A

C MUN,   then  (Z(f) - L) CX A C M17N,    where   MUN = \z £ CN: \z.\ < M,

i= l, •••, /vl.

Proof.   It is enough to prove the proposition when  L  is the union of all

complex lines contained in  Z(f) CX A;  for by Remark 3.3 there is a homogeneous

polynomial Q  such that L C Z(Q) n A,  and upon setting  L = Z(Q) Cx A,  we have

that (Z(f ■ Q) - (L u V)) Cx A  is relatively compact and (Z(/) - L) Cx A =

(Z(/ • Q) - L) Cx A.

When TV = 2,   V  has dimension  0,  and so it is a countable   discrete subset

of C2.   Remark 1.4 then implies that (Z(f) - L) Cx A C MUN.

Assume that TV >_ 3  and that the proposition is true in  C   ,  2 < k < N; we

will show that it is true in C   .   For a e C, put

Ela = \z eCN:az. = *i + 1},       l<t<rV-l,

then

zV-1

O   EÍ = Eg m {(A, j8jA,..., ßN   jA) : A e C¡,
i-î      ¿

where ßk = H.  . a.,  k = 1, • ■ •, N - 1.   There is no loss of generality if we

assume that  V does not contain any of the TV - 2 dimensional varieties
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\z £ CN : z. = z, = 0¡,  where  i 4- k and i, k = I, • • •, N - I, since each of these

meets  A  only at the origin.

Fix any  z,  1 <  i<_ N - 1.   Then there are at most countably many  a £ T such

that dim(E!a n V) = zV - 2; for if the dimension is N - 2, then E*a contains one of

the countably many N - 2 dimensional components of R(V),   the set of regular

points   of  V, and, furthermore, if  a. 4 a',  the only  N -2 dimensional variety that

E'„ and  E1,   can share isa a

E*rYE¿-í* eCN:z. = z. + 1 = 0i,

which by assumption is not one of the branches of V. On the other hand, if

dim(A5:a D V) < N - 2, then the inductive assumption can be applied to the

restriction of / to Ela,   The set, therefore, of all w £ T such that /    4 0 and

its zeros are not bounded in modulus by M  is a countable subset of  T   ~   ; thus

by Remark 1.4 it is empty.

3.8.  Lemma.  Assume that f is an entire function in C     (zV >^ 2),   and let

L   be the complex lines in A  that lie in the zero set of some fixed entire function

(not identically zero).    If (Z(f) - L.) O A  is relatively compact in C   ,   then f has

the zeros of a polynomial.

Proof.  We will prove the lemma under the additional assumption that no

homogeneous polynomial is a prime factor.   This additional assumption introduces

no loss of generality; for there are only finitely many such factors, since each

vanishes at the origin, and if / is expressed as the product of a homogeneous

polynomial and an entire function g,  then g  also satisfies the hypothesis of the

lemma.

If AV = 2, L is the union of a finite number of complex lines; hence Remark

1.4 implies that Z(f) n A is compact, and by Theorem 2.1 / has the zeros of a

polynomial.

Assume  N >   3  and that the lemma is true in  Ck (2 <  k < N); define /   by

setting

f(w, a) = fa(w),       w e CN_1, a e C.

Fix  a   e T.   Since /( • , a)  has the   zeros  of a polynomial  (not identically

zero) in  C   "   ,  there is a distinguished boundary E      2   and a constant  R > 0

such that fßiK à) 4 0,  whenever ß £ EN~2  and |A| >_ R.   By continuity there is

a closed disc D,  centered at  a ,  such that f a(K a) / 0 whenever ß £ EN~2,

|A| = R   and  a £ D.    The number of zeros of f Â • ,  a)  with modulus less than  R

is given by
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-,    r JJ,/fl(A, a)
M/3, a)= — I —T-¿A,       ß£EN~2, a.£D,

2m J 1X1=7?    ^/i     _\

where 3)     denotes differentiation with respect to the first coordinate A.  N,  being

continuous and integer valued on the connected set  E x D,  is constant;

N = N(ß, a ) = ?72.   Since f a{ • , a)  has at most ??2  zeros for each   a £ 77 = T CX D

and each /3 £ E ,   it follows that Z(/) Cl (Aa7 x 77)   is compact.   By Lemma 2.6

there are holomorphic functions  h .  in some neighborhood G  of  a!   in  C  such

that, for each  a e T O G,   A( • ,  a),   defined by

A(tzz, a)=     22     h.(a)w>,        w£CN~\
0*

7 \
and  / ( • , a)  have the same zeros.

Select pairs A., G .,   i = 1, • • •, p,  as in the  preceding   paragraph, such that

the neighborhoods G.  cover  T.    If  a e 0. nO¿nT,   then A.( • , a)   and

A ( • , a)  are polynomials, not identically zero, whose quotient A.(., a)//\, ( •, a)

is a constant different from zero.   Denote this number by r. Aa).   It follows that

the coefficients  ¿'.(et),   of A.( • ,  a),   are just the corresponding coefficients

h  (a),   of A,( • ,  a),   multiplied by r. A a); thus corresponding coefficients of

A.( • , a)  and A ( ■ , a)  have the same zeros in some neighborhood of

G; CxQk CxT.   Assume that h\4 0; then there is a function  77,,  holomorphic in

some neighborhood of  T,  which has the same zeros as each of the coefficients

h\,  i = I, • • •, p,   in the common part of their domains, and 77, ^ 0.   Set

T7.(a) = (T7y(a)/¿;(a))7,;:(a),

for   a in some neighborhood of G. CX T,  1 <  z < p  and  0 <  |/| <. «.    77     is well

defined since

Hjia) H^r.^hHa)     H}(a)hk(a)

J ik S J

therefore, each 77.  is holomorphic in some annular neighborhood  Q  of  T.

Set

P(w, a)=     2^     H.(a)w>,       w£CN~1, a £ Q.

Then  P{ ■ , a) has the same zeros as A.( • , a)  for each  aeG   CX T and each

i = I, • • • , p.    In particular,  / ( • , a)  and  P( • , a)  have the same zeros for all

a £ T; we will show that they have the same zeros for all  a in some neighborhood

of  T.   The lemma then follows from Proposition 1.2 and Theorem 2.1.
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The Cartesian product C       1 x Q  is a domain of holomorphy because each

of the factors is a domain of holomorphy;  furthermore, since  C   ~    x Q  has the

same homotopy type as the circle S ,  H (Q x C, Z),   the second cohomology

group of Q x C  with integral coefficients, is isomorphic to H (S , Z) = 0.   In

this situation there exists a pair of functions g, h holomorphic in  C    ~    x Q,

and such that

(i)  7IP = g/h,   and

(ii)  dim(Z(g)0 Zih)) <N-l;

see p. 251 of [lj.   Combined (i) and (ii) imply that

(1) Z(g)CZ(¡)     and    Z(h)CZ(P).

For each a £ T,  Z(g( ■ , a)) = Z(h( • , a)),  because Z(f(., a)) = Z(Pi-, a));

thus  Va= Zigi • , a)) n Zihi • , a))  is the zero set of both g( • , a)  and M •, a)

whenever  a. e T.    If  V  4 0,   a. e T,  then it contains one of the countably many

irreducible branches of Z(g) C\ Z(h); therefore, with the exception of at most a

countable number of a e T,  both Z(g( • , a))  and Zihi ■ , a))  are empty.

Fix ß e T for which  P a4 0.   In the following argument we will show

that, for all  a e T,   h¡L • ,  a)   is zero free except for at most a countable number

of values of a where h A - , a) es 0.   Po can be expressed as

777

( 2 ) Pß(K, a) = £ <A;.(a)À>,       (A, a) e C x Q,

;=0

where the coefficients are holomorphic and iff    4 0.   Then from (1) and (2), the

zeros of h Â • , a)  ate bounded uniformly in modulus for all  a in any relatively

compact subset of the connected set Q - Ziiff   );  therefore, by Remark 1 .4

b oi • , cl)  has the same number of zeros for each  a e Q - Ziifr   ),   As   a result of

the preceding paragraph Q - Z(¡/>   )  contains values   a for which  h oi • , a.)  has

no zeros;  therefore  h oi • , a)  is zero free for all  a e Q - Z(iffm).   In order,

therefore, for h o( • , a)  to have a zero, it is necessary, because  Z(ifim)   is

discrete, that h A • , a) = 0.   Therefore for each fixed  aeO, Corollary 3.4

implies that h( • , a) has the zeros of a homogeneous polynomial provided

P(- ,a)4 0.

If Z(h( ■ , a)) 4 0,  then h(0, a) = 0; thus the set of a in g  such that

Zihi • , a)) 4 0 is discrete.   Now fix  aQ £ Q  such that h( ■ , aQ) 4 0,  and choose

a distinguished boundary E   "2CCN"2   such that the zeros of h Á • , a )  ate

bounded uniformly in modulus for all ß £ EN~2.   Since the points  a £ Q  for

which  Zihi • , a))4 0 are discrete, it follows from Remark 1.4 that Z(b( • ,  a ))

= 0.   Therefore Zihi • , a)) = 0 for all  a e T,  and by continuity it follows that

Zihi ■ , a)) = 0 for all  a in some neighborhood of  T.

The same argument can be carried out for g  if (2) is replaced by a similar
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expression obtained from the polynomial which has the same zeros as the

restriction of / to {(A, r, ß x\, •••, /3N_2A):(A, r) eC2|.   This concludes the

proof.

3.9.  Proof of Theorem 3.1.   By Proposition 3.7, (Z(/) - L) CX A  is relatively

compact;  therefore Lemma 3.8 implies that / has the zeros of a polynomial.
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